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CHAPTER 7

7.6.3 I(px+q) ax?® + bx + c dx.

We choose constantsAand B such that

d
px+q A{d—(ax2+bx+c)}+8

X
= A(2ax +b) +B
Comparingthe coefficients of x andthe constant terms on both sides, we get

2aA = pandAb +B =¢

Solving these equations, the values of A and B are obtained. Thus, the integral
reduces to

AJ.(Zax+b)\/ax2+bx+cdx+BJ. ax®+ bx + c dx
= Al +BI,
where I, = .|.(2ax+b) ax®+ bx + ¢ dx
Put ax? + bx + ¢ = t,then (2ax + b)dx = dr

So I

1

2 (ax? + by +¢)7 4 C
§(c1x+x+c)+l

Similarly, I J-\/ax2 + bx + ¢ dx
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isfound, using the integral formulae discussed in [7.6.2,Page 328 of the textbook].

Thus I(px +g)Vax® + bx + ¢ dx isfinallyworkedout.

Example 25 Find Ix 1+ x— x> dx

Solution Followingthe procedure asindicated above, we write

A[i(1+x—x2)}+8

dx

=
1

A(l-2x)+B
Equatingthe coefficientsof x andconstant terms on both sides,

We get - 2A=1andA+B=0

1 1
Solvingthese equations, we get A = ) and B :5' Thusthe integral

reduces to

jx 1+ x—x’dx :—%I(l—Zx) 1+x—x2dx+%_[ 1+ x —x°dx

1 1

= —EI1+EI2 1)

Consider I, = I(1—2x)V1+x—x2dx
Put 1+x—x*=1¢then (1- 2x)dx = dt

3
2

1
5 2
Thus I1=J.(l—2x) 1+ x—x"dx = Jtzdtzgt +C,

2 = :
§(1+ x —x*)Z +C, where C,_is some constant.
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y4 AN
—| |5
Further, consider I, = J-qu; —x? dx —J;/Z—[\x —%j dx

1
Put X—E =1 Then dx=dt

N
T herefore, I, = I [T —t°dt
= —t i—t2+£-ism‘1 21 +C,
4 2 4
_o1(2x-1) 5_( _l)2+55 af2x-1) )
-2 2 4 2 8 5 ?

where C, is some constant.

Puttingvalues of I and I, in (1), we get

3
J.X’\/1+x —xdx = —%(1+ x—xz)? +%(2x — D)L+ x - x?

where c = —— isanother arbitrary constant.
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Insertthe followingexercises atthe end of EXFRCISE7.7 as follows:
12 xafx+x2 13 (x+DvV2x* +3 14 (x +3)\/3—4x—x’

Answers

3
12. %(xux)?—(z“l)” tx, 6|0g|x+;+\/x T x|+C

x+,’x2+i
2

1 2% 7 . x+2 (x+2)\/3 4x — x?
14, —3(3—4x—x) +25|n (\/7)

+ C

KR
13. %(2x2+3)2+%\/2x2+3+32{2—mg

CHAPTER 10

10.7 Scalar Triple Product

Let a,b and ¢ be any three vectors. The scalar product of aand (b x &), i.e.,
a-(bx ¢) iscalledthescalar triple product of d,b and ¢ inthisorder and is denoted

by [a,b,¢](or [abE]). Wethushave
[a,E, E]: C_i(EXE)

Observations AT

1. Since (5 x¢) isavector, g-(b x¢) Isa A

scalar quantity, i.e. [a, b, ¢] is a scalar
quantity. 7
2. Geometrically, the magnitude of the scalar |9

tripleproduct isthe volume of a parallelopiped /B V
formedby adjacent sides given by thethree © 3 C
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vectors a, b and ¢ (Fig.10.28). Indeed, thearea of the parallelogram forming

the base ofthe parallelopiped is |l; X 5| .The height isthe projection of g along

the normal to the plane containing p and & which isthe magnitude of the

component of g inthe directionof hx ¢ i.e., |a'Eb ><c)l.So therequired
|(b><E)|

a.(bx2)| R
volumeof the parallelopipedis||l;—| bxc |:|d.(b><E)|,

<)
\f G=ayi+a,j+ak, b=bi+b,j+bk and ¢=ci+c,j+csk,
then

k

by

G €, G

S
X
o)
11
S =~
S <

= (b203 - bscz) {+ (b3cl - b1c3) JA b (blcz - bZCl) kA

and so

d.(l;xc?)z a,(b,c, —byc,)+a,(byc,—bc;)+a,(bec, —b,c,)

a, da; da;
=|b, b, b

G C; G
If Zz,l; and ¢ be anythree vectors, then

[d,b, ¢1=1b,¢,al=1¢,a,b]
(cyclicpermutation of three vectors does not changethe value of the scalar
tripleproduct).

A~

Let G = ai+a,j+a,k, b=bi+b,j+bk and ¢ =ci+c,J,k.
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Then, just by observation above, wehave
a 4; a4
[Zial;yg]: bl bZ b3
€1 C G
-4 (bzcs - bscz) ta, (b3cl - blc3) ta, (bICZ - bZCl)

= bl (ascz - azcs) + bz (alcs - asc1) + bs (azcl - alcz)

b b b
=6 6 G

a 4, da;
=[b,¢,d]

Similarly, the reader may verify that

Hence [a,b,e1=[b,c,a]=[C,a,b]
Inckeed,

=[d,b,é]1=-1[ad, ¢ b]. Indeed
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=5.0=0. (as @xa=0)
Note: Theresultin 7 above is true irrespective of the position oftwo equal vectors.

10.7.1 Coplanarity of Three Vectors

Theorem 1 Three vectors @, b and ¢ are coplanar ifandonly if g .(Exg) =0.

Proof Suppose first that the vectors a, b and ¢ arecoplanar.

If 5 and ¢ are parallel vectors, then, b x &= §andso z-(hx &) =0.

—

If 5 and ¢ are not parallel then, since @,b and ¢ are coplanar, b x ¢ s
perpendicularto a.

S0 G-(bx¢)=0.

Conversely, supposethat g -([;x ¢)=0. If 4 and } x ¢ are both non-zero,

then we conclude that g and j x ¢ are perpendicular vectors. But b x¢ is

perpendicular toboth f and ¢. Therefore, dandb and ¢ mug lieinthe plane,i.e.

they arecoplanar. If g =0, then g iscoplanar withanytwovectors, in particular with

p and g.If (Exg)zo , then p and ¢ are parallel vectors andso, g, b and c

are coplanar since any two vectors always lie in a plane determined by them and a
vector which is parallel to any one of it also lies in that plane.
Note: Coplanarity of four points can ke discussed using coplanarity of three vectors.

Indeed, the four pointsA, B, Cand D are coplanar if the vectors AB,AC and AD
are coplanar.
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Example 26 Find .(bx¢), if G=2i+ ) +3k, b=—i+2j+k and ¢ =3 + ] +2% .

2 1 3
Solution We have @.(hx&)=|-1 2 1|=-10.
3 1 2

Example 27 Showthat the vectors
G=1i-2j+3, b=-2i+3j—4k and ¢=i 3] +5k are coplanar.

1 -2 3
Solution We have d@.(b x¢)=|-2 3 —4=0.
1 -3 5

Hence, in viewof Theorem 1, a,Eand ¢ are coplanar vectors.
Example 28 Find lif thevectors
G=1i+3j+k,b=2i—j—kand &=\ +7 )+ 3k are coplanar.

Solution Since a,Eand ¢ are coplanar vectors, we have [5,5,5] =0, ie.,

1 3 1

2 -1 -1=0.

A7 3
= 1(-3+7)-3(6+)+1(14+1)=0
= 1=0.

Example 29 Show that the four points A, B, C and D with position vectors
4f +5]+k,—(j+k), 37 +9]+ 4k and 4(~i + j+ k), respectively are coplanar.

Solution Weknow that the four pointsA, B, Cand Darecoplanar if the threevectors
AB,AC and AD arecoplanar, i.e., if

A8, AC,AD |0
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Now AB=—(j+k)—(47 +5) +k)=—4i —6] —2k)
AC= (31 +9j+4k)— (4 +5]+k)=—i+4] +3k

and KDE4(—f+j+/€)—(4f+5}+l€)=—8§—}‘+3l€

4 —6 -2
Thus [A—B,E,A—D} 1 4 3|=0
8 -1 3

Hence A, B,Cand D are coplanar.

1
U
+
S
S
+
o
)
+
Y}
1
Il
~
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Sy
N
~
~~
>
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N
X
—~
al
+
U
N
N

=Gd.(bx¢)+ad.(bxad)+a.(@xad)+b.(bxT)+b.(bxa)+b.(¢ xa)
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Exercise 10.5

Find [ @b ¢ |if G=i-27+3kb=2i -3j+kandc=3i+ j—2k

(Ans. 24)

Showthat the vectors G=7 — 2/ + 3,b=—27 +3)—4kand ¢ =i -3+ 5k
are coplanar.

Find Lifthevectors { — j +k,37 + j+ 2kand 7+ Aj — 3k are coplanar,
(Ans. A= 15)

Let G=i + j+k,b=iand E=ci +c, +ck Then

(a) Ifc, =1andc, =2, findc, which makes @, and ¢ coplanar (Ans. c,=2)

(b) Ifc,=-1andc,=1, showthatno vale ofc, can make a,gand ¢ coplanar.
Showthat the fourpointswith positionvectors
47 +8) +12k,2i +4 j+ 6k,3i +5] + 4k and 5i +8 +5k are coplanar.

Find x such that the four points A (3, 2, 1) B (4, x, 5), C (4, 2, -2) and
D (6, 5, —1) are coplanar. (Ans. x=5)

Showthat the vectors i, b and ccoplanarif G+5, 5 +¢ and & +a arecoplanar.



